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Taking the hypernucleus 13
Λ
C as an example, we illustrate the miscroscopic particle-rotor model for
low-lying spectra of hypernuclei. This approach is based on the beyond-mean-field method, with the
particle number and angular momentum projections. The quantum fluctuation of the mean-field is
also taken into account for the core nucleus using the generator coordinate method. We show that
the impurity effect of Λ hyperon, such as a change in B(E2), is well described with this model. Our
calculation indicates that the most important impurity effect in sd-shell hypernuclei is a change in a
deformation parameter rather than in a nuclear size.
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1. Introduction
The development in Λ-hypernuclear spectroscopy has enabled one to explore several aspects of
hypernuclear structure [1]. The measured energy spectra and electric multipole transition strengths
in low-lying states have in fact provided rich information on the Λ-nucleon interaction in nuclear
medium as well as on the impurity effect ofΛ particle. Many theoretical methods have been developed
to investigate the spectroscopy of hypernuclei, such as the cluster model [2, 3], the shell model [4],
the ab-initio method [5], the antisymmetrized molecular dynamics (AMD) [6], and self-consistent
mean-field models [7–10]. Among them, the self-consistent mean-field approach is the only method
which can be globally applied from light to heavy hypernuclei.
Even though the self-consistent mean-field approach provides an intuitive view of nuclear defor-
mation, it is a drawback of this method that it does not yield a spectrum in the laboratory frame, since
the approach itself is formulated in the body-fixed frame. This can actually be overcome by going be-
yond the mean-field approximation, in particular, by carrying out the angular momentum projection.
One can also take into account the quantum fluctuation of the mean-field wave function by super-
posing many Slater determinants with the generator coordinate method (GCM). When the pairing
correlation is important, the particle number projection can also be implemented. Such scheme has
been referred to as a beyond-mean-field approach, and has rapidly been developed in the nuclear
structure physics for the past decade [11, 12].
In this contribution, we present a new method for low-lying states of hypernuclei based on the
beyond-mean-field approach [13, 14]. In this method, we first apply the beyond-mean-field approach
to a core nucleus. Low-lying states of hypernuclei are then constructed by coupling aΛ particle to the
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core nucleus states. We thus call this approach the microscopic particle-rotor model, in which the rotor
part is described with the microscopic beyond-mean-field method. See Refs. [15–18] for other differ-
ent types of application of the beyond-mean-field approach to hypernuclei, which are complementary
to the present microscopic particle-rotor model. We shall apply the microscopic particle-rotor model
to the 13
Λ
C hypernucleus and discuss the impurity effect in this hypernucleus.
2. Microscopic particle-rotor model
We consider a hypernucleus, which consists of a Λ particle and an even-even core nucleus. In the
microscopic particle-rotor model, the wave function for the whole Λ hypernucleus with the angular
momentum J and its z-component M is given as
ΨJM(r, {rN}) =
∑
n, j,ℓ,I
R jℓnI(r)[Y jℓ(rˆ) ⊗ ΦnI({rN})](JM), (1)
where r and rN are the coordinates of the Λ hyperon and the nucleons, respectively. In this equation,
Y jℓ(rˆ) is the spin-angular wave function for the Λ hyperon, while |ΦnI〉 is the wave functions for the
low-lying states of the nuclear core. The latter is constructed from the mean-field wave functions as,
|ΦnIMI 〉 =
∫
dβ fnI(β) ˆPIMI K ˆPN ˆPZ |ϕ(β)〉, (2)
where β is the quadrupole deformation parameter and |ϕ(β)〉 is the mean-field wave function at β
obtained with the constrained mean-field approximation. Here we have assumed that the core nucleus
has axial symmetric shape. ˆPIMI K, ˆP
N
, and ˆPZ are the projections operators for the angular momentum,
the neutron number, and the proton number, respectively. The weight function fnI(β) in Eq. (2) is
determined by the variational principle, that is, by solving the Hill-Wheeler equation.
We assume that the total Hamiltonian for this system is given by,
ˆH = ˆTΛ +
Ac∑
i=1
vNΛ(r, rNi) + ˆHc, (3)
where Ac is the mass number of the core nucleus. Here, the first term is the kinetic energy of Λ
hyperon and the second term denotes a nucleon-hyperon interaction. The last term, ˆHc, is the Hamil-
tonian for the core nucleus, which is solved with the beyond-mean-field approach. With the Hamilto-
nian, Eq. (3), one can derive the coupled-channels equations for the radial wave functions, R jℓnI(r),
in which the coupling potentials are given in terms of the transition densities [13, 14]. The solutions
of the coupled-channels equations provide the spectrum of the hypernucleus as well as the transition
probabilities among the low-lying states.
3. Application to the 13
Λ
C hypernucleus
We now apply the microscopic particle-rotor model to the 13
Λ
C hypernucleus, even though the
model can be applied also to even heavier hypernuclei, such as 155
Λ
Sm. To this end, we use the rel-
ativistic point coupling model with the PC-F1 parameter set [19] for the effective nucleon-nucleon
interaction. For the nucleon-hyperon interaction, we use a simple relativistic zero-range interaction
with a repulsive vector-type and an attractive scalar-type terms [13, 14],
vNΛ(r, rN) = αNΛV δ(r − rN) + αNΛS γ0Λδ(r − rN)γ0N , (4)
where γ0 is a Dirac matrix. The parameters αNΛV and α
NΛ
S are determined so as to reproduce the
empirical Λ binding energy of 13
Λ
C. The coupled-channels equations for the radial wave functions,
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Fig. 1. The left panel: the spectrum of the 13
Λ
C hypernucleus obtained with the microscopic particle-rotor
model. The experimental data are taken from Ref. [1]. The right panel: a comparison of calculated E2 transition
strengths, B(E2), for 12C and 13
Λ
C, given in units of e2 fm4.
R jℓnI(r), are solved by expanding R jℓnI(r) on a spherical harmonic oscillator basis with 18 major
shells. To this end, we include the 0+1 , 2
+
1 , 4
+
1 , 0
+
2 , 2
+
2 , and 4
+
2 states in the core nucleus,
12C.
The left panel of Fig. 1 shows the low-lying spectrum of 13
Λ
C so obtained. One can see that the
low-lying spectrum for 13
Λ
C is well reproduced, although the excitation energies are slightly overes-
timated. This calculation indicates the ground state rotational band of 13
Λ
C shown in the column (b),
that is, the ground state 1/2+ and the two doublets of (5/2+, 3/2+) and (9/2+, 7/2+), mainly consist of
the configuration of Λs1/2 coupled to the ground rotational band (that is, 0+1 , 2+1 , and 4+1 ) of the core
nucleus, 12C. The doublet states are almost degenerate in energy, the energy difference being only
10 keV for each of the two doublets. The levels in the column (c) correspond to the configuration
of Λs1/2 coupled to the second rotational band (n = 2) in 12C. These states share similar features as
those in the ground state band shown in the column (b).
In the negative-parity states shown in the column (d), the dominant configuration in the wave
functions is that with the Λ particle in the p orbitals coupled to the ground state rotational band of
the core nucleus. That is, the first 3/2− and 1/2− states consist mainly of 0+1 ⊗ Λp3/2 and 0
+
1 ⊗ Λp1/2 ,
respectively, as is indicated in the figure. The energy splitting between these states is as small as
199 keV, which reflects mainly the spin-orbit splitting of Λ hyperon in the p3/2 and p1/2 states. The
obtained splitting is in a good agreement with the empirical value, 152±54±36 keV [20].
In contrast to the first 1/2− and 3/2− states, the second 1/2− and 3/2− states in the column (e)
show a large configuration mixing. That is, the fraction of the 0+1 ⊗Λp1/2 and 2
+
1 ⊗Λp3/2 configurations
in the wave function for the 1/2−2 state is 0.60 and 0.38, respectively, while the fraction of the 2
+
1 ⊗Λp3/2
and 2+1 ⊗ Λp1/2 configurations is 0.54 and 0.45, respectively, in the wave function for the 3/2
−
2 state
[14]. This large admixture of the configurations is due to the fact that there are two states whose
unperturbed energy in the single-channel calculations is close to one another. A similar admixture
occurs in other hypernuclei as well, such as 9
Λ
Be and 21
Λ
Ne [13, 14], which however show this feature
already in the first 1/2− and 3/2− states. The difference between 13
Λ
C and a pair of (9
Λ
Be, 21
Λ
Ne)
originates mainly from the sign of the quadrupole deformation of the core nucleus, that is, an oblate
deformation for 12C and a prolate deformation for 8Be and 20Ne [14].
The right panel of Fig. 1 shows a comparison of the calculated E2 transition strengths for low-
lying positive parity states of 13
Λ
C with those of the core nucleus, 12C. In general, these transition
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strengths cannot be compared directly due to different angular momentum factors. However, for the
transition from the 3/2+ and the 5/2+ states to the 1/2+ state, such factor becomes trivial, and the
transition strength can be directly interpreted as the that for the core nucleus from the 2+ to the 0+
states [14]. Our calculation indicates that the E2 transition strength for 2+1 → 0+1 in 12C is significantly
reduced, by a factor of ∼ 14%, due to the addition of a Λ particle. The main cause of the reduction
in the B(E2) value is the reduction in nuclear deformation. According to our calculation, the proton
radius rp is reduced from 2.44 fm to 2.39 fm by adding aΛ particle to the 12C nucleus, which leads to
about 7.9% reduction in r4p. In contrast, the deformation parameter β is altered from −0.29 to −0.23,
leading to 37.1% reduction in β2. This clearly indicates that the change in deformation is the most
important impurity effect in sd-shell hypernuclei. A similar conclusion has been reached also in Ref.
[18].
4. Summary
We have presented the microscopic particle-rotor model for the low-lying states of single-Λ hy-
pernuclei. In this formalism, the wave functions for hypernuclei are constructed by coupling the Λ
hyperon to the low-lying states of the core nucleus. Applying this method to 13
Λ
C, we have well
reproduced the experimental energy spectrum of this hypernucleus. We have also found that the de-
formation is reduced by adding a Λ particle in the positive-parity states, leading to a reduction in the
B(E2) value from the first 2+ to the ground states in the core nucleus.
In this paper, for simplicity, we have assumed the axial deformation for the core nucleus. An
obvious extension of our method is to take into account the triaxial deformation of the core nucleus.
One interesting application for this is 25
Λ
Mg, for which the triaxial degree of freedom has been shown
to be important in the core nucleus 24Mg.
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